In this paper we have studied the extended phase space thermodynamics in the canonical ensemble of black holes in massive gravity in AdS space. The black holes considered here belong to a theory of massive gravity where the graviton gain a mass due to Lorentz symmetry breaking. We have computed various thermodynamical quantities such as temperature, pressure, Gibbs free energy and specific heat capacity. The local and the global thermodynamical stability of the black holes are studied in detail. For a specific value of the parameter in the theory, the black holes undergo a first order phase transition similar to the Van der Waals phase transitions between gas and liquid under constant temperature. This transition is between the small and the large black holes. The critical exponents are computed at the critical values and shown to be the same as for the Van der Waals critical exponents.
Introduction
transitions similar to Van der Waals liquid/gas transitions in Reissner-Nordstrom AdS black holes by Chamblin et.al [4] [5] . They studied the Reissner-Nordstrom AdS black holes in both canonical and well as grand canonical ensemble and discovered a first order phase transition between small and large black holes. Fernando [43] extended this idea by studying the Born-Infeld-AdS black hole in the grand canonical ensemble to discover a first order phase transition there too. Another reason studies of AdS black holes have take center stage is due to the AdS/CFT correspondence [7] .
Current interest on studies of thermodynamics of AdS black holes have increased due to the rich structures found by treating the cosmological constant as a thermodynamical variable. The first law of black holes is modified by including a V dP term where the pressure P is given by −Λ/8π. In this scenario, the mass of the black hole M is considered as the enthalpy of the black hole system instead of the internal energy [8] [9] . One of the first works to explore the extended phase space thermodynamics in AdS black holes was the paper by Kubiznak and Mann [10] . There the critical behavior of the charged black hole in 4 dimensions was studied in detail; the critical exponents were shown to be same as for the Van der Waals liquid/ gas system. Since then there have been large number of papers devoted in studying interesting properties of black holes in the extended phase space. Reetrant phase transitions and van der Waals behavior for hairy black holes were studied in [11] . Thermodynamics of rotating black holes and black rings were studied in [12] . Charged rotating black holes and Born-Infeld-AdS black holes were studied in [13] . In an interesting paper, the geometry of a black hole which behaves exactly like the Van der Waals black holes were presented by Rajagopal et.al [14] . There are many other works related to this concept including [15] [26] .
Massive gravity theories where the graviton acquire a mass has become increasingly popular in the current literature. One of the reasons for this popularity is that this modification of general relativity in principle could explain the acceleration of the universe without introducing the component of "dark energy." Current experimental observations put constraints on the mass of the graviton; recent observation of gravitational waves by Advanced LIGO has put constants on the mass of the m g < 1.2 × 10 −22 eV /c 2 [27] . Fierz and Pauli in 1939 [28] are the first to develop a theory to include a mass to the graviton. They developed a Lorentz invariant massive spin 2 theory described by a quadratic action. Fierz-Pauli theory has five degrees of freedom. One of the problems of this theory was the appearance of the so called Boulware and Deser ghosts [29] . The problem of ghosts were recently solved by de Rham, Gabadadz and Tolley with a new massive gravity theory [30] [31] . Two other models for massive gravity which are free from ghosts are the DGP model [32] and the "new massive gravity theory" in three dimensions [33] . There are large volume of works related to massive gravity in the literature and there is no space to present all here; instead we will direct the reader to two excellent reviews on the topic by de Rham [34] and Hinterbichler [35] .
Out of the many massive gravity theories, the one we will consider in this paper is a theory with Lorentz symmetry breaking by a space-time dependent condensates of scalar fields. Such scalar fields act as Goldstone fields and are coupled to gravity via non-derivative coupling.
When Lorentz symmetry is broken spontaneously, the graviton acquire a mass very similar to the Higgs mechanism. A review of Lorentz violating massive gravity theory can be found in [36] [37] .
The action for this theory is given by,
Here the first term is the Einstein-Hilbert Lagrangian for general relativity and R is the scalar curvature of the space-time geometry. The second term F composed of two functions X and W defined in terms of the scalar fields as,
where,
The scalar field Φ in eq(2) and eq(3) for this particular solution is given by,
where
The parameter Q represents a scalar charge related to massive gravity and γ = ±1. The constant λ in eq (7) is an integration constant and is positive. In the eq(7), m g is the mass of the graviton. The parameter b in eq(7) and eq(6) is an intergration constant in the theory.
For the above function F , the solution for the metric is given by,
Here, the cosmological constant Λ is related to the constant b and m g as, Λ = 2m
Note that when the above black hole solutions were derived by Bebronne and Tinyakov [41] , the cosmological constant term − was not in the function h(r) since b was chosen to be 1. However, it is still possible to choose b = 1 so that there will be a non-zero cosmological constant term in the metric. Hence here, we will choose b > 1 so that Λ < 0 term to be included in the metric.
When λ < 1, the term −γQ 2 r λ in h(r) dominates at large distances and the ADM mass of such solutions become divergent. When λ > 1, for large distances the metric approaches the usual Schwarzschild-AdS black hole with a finite mass M; we will choose λ > 1 in the rest of the paper.
When γ = 1, the geometry of the black hole is very similar to the Schwarzschild-AdS black hole with a single horizon. When γ = −1, the geometry is similar to the well known Reissner-Nordstrom-AdS charged black hole. In this case here could be two horizons.
There are several works related to the black holes in Lorentz breaking massive gravity discussed above. Phase transitions of non-extended phase space of AdS massive gravity black holes were discussed by Fernando in [43] . Scalar and Dirac field perturbations of the black hole with Λ = 0 were studied in [44] [45] . Thermodynamics and phase transitions for Λ = 0 case were studied in [46] [47] . Stability of spherically symmetric solutions of Lorentz breaking massive gravity was studied in [48] .
3 Thermodynamics, first law and the Smarr formula
In this section we will derive the thermodynamical quantities, first law and presented the Smarr formula for the black hole in massive gravity.
Defining the thermodynamical quantities
The Hawking temperature of the black hole is given by,
Here r h is the black hole event horizon. Since at the black horizon h(r h ) = 0, the mass of the black hole could be written as,
The value of the mass M can be substituted to the temperature in eq(10) and rewrite it as,
The temperature is plotted in Fig(2) and Fig (1) . When γ = 1, the temperature has a minimum. Below this minimum black holes cannot exist for a given Λ value. For γ = −1, the temperature could have an infection point for a given value of Q and Λ. The entropy of the black hole is given by the area law, S = πr 2 h . The entropy is the conjugate quantity to the temperature. In the extended phase space, the cosmological constant is treated as the thermodynamic pressure with the relation,
The corresponding conjugate quantity, the volume V is given by, 
First law and the Smarr formula in the extended phase space
The first law of the black hole in consideration with the thermodynamic quantities defined in the previous section is given by
Notice that in this case M is not the internal energy E. Instead, one has to treat M as the enthalpy H given by E + P V so that the first law is valid. From the first law, all the thermodynamic variables defined above could be obtained as follows:
One can combine the thermodynamical quantities presented above to obtain the Smarr formula as,
The Smarr formula also can be obtained using the scaling argument presented by Kastor et.al [8] . Notice that when λ = 2, the Smarr formula simplifies to the one for the Reissner-Nordstrom-AdS black hole obtained by Kubiznak and Mann in [10] .
Behavior of pressure
For a fixed scalar charge Q, one can substitute Λ = −8πP in eq(10) to obtain P = P (V, T ) as,
Also, the black hole radius r h is given by,
When P is plotted vs r h for both values of γ, the behavior is quite different. For γ = 1, there are no critical points as demonstrated in Fig(3) . There is maximum value of pressure P max for given temperature T . At that point ∂P ∂r = 0. One can solve the equation to obtain,
For γ = −1, the behavior is quite different from what is of γ = 1. There are critical points as demonstrated from Fig(4) . Figure 4: The figure shows P vs r h for γ = −1 for varying temperature. Here λ = 1.98, and Q = 0.094.
Critical values and the law of corresponding states for γ = −1
By identifying the specific volume v = 2r h , the equation of state can be rewritten as,
Since v ∝ r h , the graph P vs v will be similar in shape and characteristics to the one of P vs r h . The critical temperature T c is the value of T at which the P vs v curve has an inflection point. At this point,
After some algebra, P c , v c and corresponding T c can be derived to be,
The critical thermodynamic volume is given by,
Hence r c and S c are given by,
The ratio between P c , V c ad T c is given by,
When λ = 2, the above ratio simplifies to PcVc Tc = 3/8 which is the same value for the Van der Waals gas-liquid system and also for the RNAdS black hole [10] .
When T < T c , there can be three branches of black hole solutions (small, intermediate and large). In this case, there is a first oder phase transition of the van der Waals type between the small and the large black holes. Similar to the Van der Waals system [49] , there is a temperature T 0 where the pressure is zero. At this point,
The above equations can be solved to yield,
We can define new parameters as,
where T c , P c and v c are given by eq. (26), eq (27) and eq (28) . With the newly defined quantities, the equation of state simplifies to a 'law of corresponding states',
Notice that when λ = 2, the law of corresponding states given above is exactly the same as for the RNAdS black hole [10] .
3.3.2
Critical exponents for γ = −1
In this section we will investigate the critical exponents which describes the behavior of the physical quantities near the critical points discussed in the previous section. For an excellent introduction on the critical exponents, please refer to the book by Goldenfeld [50] . First, we will introduce new parameters as follows:
There are four critical components, α, β, ξ, δ which are defined as follows [50] :
Critical exponents α: α governs the specific heat at constant volume as,
Critical exponent β: β governs the quantity η = v g − v l with the relation,
Critical exponent ξ: ξ governs the behavior of isothermal compressibility κ T defined as,
Critical exponent δ: δ governs the behavior of pressure relative to the volume as,
Since the entropy is given by the area law,
and it is independent of the temperature T , it is easier to see that C V = 0. Hence the critical exponent α = 0. To find β, lets first rewrite the equation of state in terms of p, ρ and τ as,
Since ǫ = σ 3 − 1, σ = (1 + ǫ) 1/3 . By substituting σ and τ = t + 1 in eq(43), one get
Since during the phase transition we discussed in section() the pressure is constant, p l = p s , one can come to the conclusion,
Also, if we differentiate eq(43) for a fixed t, we get, dp dǫ
During the phase transition, the Maxwell's equal area law applies, leading to,
By substituting eq(47) into the eq(48) and integrating, one obtain the following relation between ǫ l and ǫ s as,
By combining eq(46) and eq(49), one can conclude that
Now the behavior of the order parameter η can be expanded as,
Hence, β = 
Hence,
Now one can compute κ T as,
Hence the critical exponent ξ = 1. On the curve of critical isotherms, T = T c and t = 0. Hence from eq(44)
Therefore the critical exponent δ = 3. From the above calculation of critical exponents for the AdS black hole in massive gravity, it is clear that they are the same as for the Reissner-Nordstrom-AdS black hole obtained in [10] .
Specific heat capacities and local stability of the black holes
In understanding the local stability of a black hole it is important to study the specific heat of the black hole. The specific heat at constant pressure P is given by,
The black hole is locally stable if C P > 0. In the next section we will discuss C P and local stability of black holes for the two values of γ.
Specific heat for γ = −1
We can relate the behavior of C P to the values of P relative to P C . When P > P c , there are no singular points for C P and it is positive except for small values of S c or small black holes. This behavior is demonstrated in Fig(5) . When P = P c , C p has a singular point at the critical value S c as shown in Fig(6 ). When the pressure is lower than than P c , there are two singular pints for C p as shown in Fig(7) . The two singular points corresponds to the maxima and the minima of the P vs r h graph in Fig(4) for T < T c . From the graph, one can observe that for small black holes (SBH) C P > 0 and hence they are stable. For intermediate black holes (IBH), C P < 0 and hence they are unstable. C P > 0 for large black holes (LBH) and they are stable.
In closer observation, one can see that the denominator of C P is zero at the critical point. To observe this one can substitute the values of P c , S c given in eq. (27) and eq (30) to C P and it will diverge. 
4.2
Specific heat for γ = 1
For γ = 1, the C P vs S is plotted in Fig(8) . Here, C P < 0 until it reach a singular point. This singular point is the place where the pressure reach a maximum in the graph P vs r for γ = 1, Fig(3) . C P > 0 after the singular point. Hence the small black holes are unstable and large black holes are stable. 
Gibbs free energy and the global stability
Global stability of black holes can be understood by studying the corresponding free energy. In the extended phase space, the mass of the black hole is considered as the enthalpy, not the internal energy; for a fixed charge Q, the corresponding free energy, Gibbs free energy G is given by,
We can also write G in terms of r h , T and Q as,
The reason to write it in terms of T instead of P is to demonstrate how G behaves when we change P keeping T constant.
Phase transitions for γ = −1
The Gibbs free energy is plotted against pressure P in the Fig(9) for γ = −1. Here, one can see that when T < T c there is a swallow tail behavior which affirms the first order phase transition we saw in the P vs r h diagram. In the first graph of Fig(9) , there are three branches of the swallow tail. These three branches corresponds to the small, intermediate and large black holes. When the temperature is increased, the swallow tail behavior disappears. The swallow tail behavior of the graphs are better represented in Fig(10) . For high pressures, small black hole is preferred thermodynamically. When the pressure is decreased, at point Z, and at smaller pressures the large black hole becomes the preferred thermodynamical state. This is due to the fact that the large black holes has smaller free energy compared to the smaller black holes. Hence at point Z, there is small-black hole/large-black hole phase transition. The surfaces of small and large black holes differ; there is discontinuity in the black hole areas and hence of entropy at point Z. This means there is release of latent heat at the point Z. The phase transition at point Z is first order. 
5.2
Phase transitons for γ = 1
In the Fig(11 ), G vs P is plotted. On e can see that there are two branches meeting at a cusp like point. Wheh the tempearture is increased the free energy becomes completely negative.
We have plotted one of the graphs in detail in Fig(12) . When P > P max , no black hole can exist. Hence for that range of pressures, the thermal AdS state is preferred thermodynamically. When P < P max , there are two branches of black holes to choose from. The upper branch corresponds to small black holes with negative specific heat and are thermodynamically unstable. The lower branch corresponds to large black holes and are thermodynamically stable due to the positive specific heat. However, beyond the point P max , the free energy of both branches are positive, hence, the thermal AdS state is globally preferred thermodynamic state until the point P L . For pressures smaller than P L , the free energy of the large black hole is negative and would be the preferred thermodynamical state. Therefore, there is a first order phase transition between thermal AdS space and the large black holes at point P L . This phase transition is similar to the first order phase transition observed in the Schwarzschild-anti-de Sitter black holes [1] . The value of P L can be found by solving G = 0 for a given temperature as,
The value of P max is given in eq(22). 
Conclusion
In this paper, we have studied the massive black hole in AdS space in the extended phase space. Here we have treated the pressure, P, as P = − Λ 8π
. The black hole system is considered to be in the canonical ensemble where the scalar charge Q is taken as constant. Thermodynamical quantities such as temperature, pressure, specific heat capacity and gibbs energy is studied in detail to understand the local and global thermodynamical stability.
There are two different types of black holes for the values of γ in the theory. As a result, the thermodynamical quantities differ significantly for γ = 1 and γ = −1.
For γ = 1, the AdS black hole in massive gravity behaves similar to the Schwarzschildanti-de Sitter black hole. The temperature has a minimum and the pressure has a maximum. There are no critical values for pressure etc. The specific heat capacity C P < 0 for small black holes and C P > 0 for large black holes. Hence small black holes are unstable locally and large black holes are stable locally. Globally, for large pressure values, the thermal AdS state is preferred over the black holes. When the pressure is lowered, for a specific value of pressure, where the Gibbs free energy becomes zero, the large black holes take over as the preferred thermodynamic state. Hence there is a first order phase transition at that point.
For γ = −1, the thermodynamical behavior of the black holes are much more complex. For higher temperatures, the black holes behave more like an ideal gas. There is a critical temperature where there are inflection points and critical pressure. When the pressure is lowered beyond T c , Van der Waals like phase transitions occur between the small and the large black holes. The Gibbs free energy verify these phase transitions with a swallow tail type behavior. This phase transition is first order. The values of C P > 0 of small and large black holes and C P < 0 for intermediate black holes. Hence, locally, the small and large black holes are thermodynamically stable. However, at high pressures, the small black holes are preferred and for small pressures, the large black holes are preferred. Critical exponents are computed to understand the behavior of physical quantities around the critical values. The critical exponents are the same for the Reissner-Nordstrom-AdS black holes as well as the Van der Waals liquid/gas system.
The current author also studied the thermodynamics of the same black hole in the non-extended phase space [43] . There the pressure was not a part of the thermodynamical quantities. There the temperature showed critical behavior when the charge Q was varied. The two approaches confirm the existence of phase transitions of first order of the Van der Waals kind.
In this paper we have considered the system in the canonical ensemble where the scalar charge Q constant in analyzing the thermodynamics. One could ask the question if there would be critical behavior exists if the system is considered in the grand canonical ensemble with the potential Φ kept constant instead. For constant Φ, the equation of state becomes,
We have noticed that criticality indeed can occur for certain parameters. This is in contrast to Reissner-Nordstrom-AdS black hole where it was shown that criticality cannot happen [10] . It would be interesting to do a detail study in the grand canonical ensemble with the above equation of state.
